Here, the authors correct the proof in the reference when explaining that the produced plateaued functions have no non-zero linear structures. Moreover, a new class of plateaued functions with the best algebraic degree is given.
Introduction
It is well-known that Boolean functions play an important role in the design of cryptography, coding theory, and so on [1] . To satisfy the requirements in applications, Boolean functions should have good cryptographic properties such as balancedness, high algebraic degree, high non-linearity, resiliency order, and so on. There exist constraint relations among the cryptographic properties such as algebraic degree and resiliency order, non-linearity, and resiliency order [2] .
The notion of plateaued function was first introduced in [3] , which provides some examples of good trade-off among all the properties needed in applications. Therefore, the study of plateaued function becomes necessary and important, but our knowledge on them is not at a level corresponding to their importance.
As for the primary construction of plateaued functions, we can refer to the reference [3] [4] [5] [6] . As for the second construction and other constructions, they are also important to obtain plateaued functions approaching or achieving the best trade-off among the cryptographic properties. These constructions can be seen in [7] [8] [9] [10] .
The organisation of this paper is as follows. Some basic concepts and notions are presented in Section 2. It is shown that there exist faults in the proof of theorem in [1] and a complete proof is given in Section 3. In Section 4, a new class of plateaued functions is proposed. It is proved that these functions are balanced, have high non-linearity, no non-zero linear structures, and the best algebraic degree. Finally, Section 5 concludes the paper.
Preliminaries
Let F 2 n be the n-dimensional vector space over the finite field F 2 . A Boolean function of n variables is a function from F 2 n into F 2 . We denote the set of all n-variable Boolean functions by B n . The addition of integers over R is denoted by + and Σ i , and over F 2 by ⊕ and ⊕ i .
Any f ∈ B n can be uniquely represented as a multivariate polynomial over F 2 , called algebraic normal form (ANF),
where λ u ∈ F 2 , u = (u 1 , u 2 , ⋯, u n ). The algebraic degree of f, denoted by deg(f), is the maximal value of wt(u) such that λ u ≠ 0, where wt(u) denotes the Hamming weight of u. Another basic representation of a Boolean function f (x 1 , …, x n ) is by the output column of its truth table, i.e. a binary string of length 2 n ,
A Boolean function is affine if there exists no term of degree strictly >1 in the ANF. An affine function with the constant term equal to zero is called a linear function.
Many properties of Boolean function can be deduced from its Walsh spectra, which is defined to be the set of the distinct values of the Walsh transform. The Walsh transform of f ∈ B n is an integer valued function over F 2 n defined by
where '·' denotes the standard dot product of two vectors. It satisfies Parseval's relation:
The non-linearity of a Boolean function f ∈ B n , denoted by N f , is defined as the distance to the set of all affine functions, that is,
For every f ∈ B n , the non-linearity N f and its Walsh transform satisfy the relation:
Due to Parseval's relation (1) , N f is upper bounded by 2 n − 1 − 2 n/2 − 1 . This bound is tight for every n even and the functions achieving it are called bent.
A Boolean function f ∈ B n is balanced if its output column in the truth table contains an equal number of 0 and 1, i.e. W f (0) = 0 or wt( f ) = 2 n − 1 .
A Boolean function f ∈ B n is said to be plateaued if its Walsh spectra {W f (ω): ω ∈ F 2 n } ⊆ {0, ± 2 r } for some n/2 ≤ r ≤ n. We call 2 r the amplitude of plateaued function and define the set
For any Boolean function f ∈ B n , we say that it has a linear structure
. Obviously, (0, ⋯, 0) is always a linear structure, so we usually study non-zero linear structure only. Having any non-zero linear structures is a bad cryptographic property for f.
The autocorrelation function of f ∈ B n is an integer valued function over F 2 n defined by
It is obvious that a ∈ F 2 n is a linear structure of f if and only if
It is well known that for any f ∈ B n and a ∈ F 2
The following lemma, given in [11] where bent functions were first introduced, is a main lemma of the paper.
Correction of the proof in the reference [1]
In [1] , the author puts forward a class of plateaued functions defined as follows.
When explaining that f k has no non-zero linear structures, the author mentions that 'since S( f k ) is so large this is impossible unless a = 0 '. This is not the right reason why f k has no non-zero linear structures. Indeed, for most Boolean functions f whose S( f ) is large, they can still have non-zero linear structures. Here are two examples.
Example 1: Let f ∈ B 3 be a plateaued function of amplitude 2 2 and
We have S( f ) = {(000), (001), (110), (111)}. For every ω ∈ S( f ), we have ω ⋅ (110) = 0, then the vector (110) is a linear structure of f.
Example 2: More generally, for any given i ≠ j ∈ {1, …, n} (n odd), if we let f ∈ B n be a plateaued function of amplitude 2 (n + 1)/2 and S( f ) = {ω ∈ F 2 n : ω i = ω j }, obviously, #S( f ) = 2 n − 1 , then for
, α i = α j = 1 and α k = 0 for k ≠ i, j. Thus, the vector α is a linear structure of f. Now, we give a complete proof in the following two theorems. where e i has its only non-zero value 1 at position i, then Ω ⊂ S( f k ).
Proof: Let the function
Then for any a = a 1 , …, a 2dk − 1 ∈ Ω, we have
According to Lemma 1,
and y 4 = (x 2dk − (d − 1) , …, x 2dk − 1 ). We divide the set into two sets Ω∖{(1, ⋯1)} and {(1, ⋯1)}.
(1) a ∈ Ω∖{(1, ⋯1)} For any a ∈ Ω∖{(1, ⋯1)}, we have
Since d ≥ 3, d − 1 ≥ 2 > 1 = wt(a) = wt(a′), we have r(x) is balanced. Thus, we have
Then, we have
Hence, W 1 = − W 2 and W f k = W 1 − W 2 = ± 2 dk . To sum up, we have Ω ⊂ S( f k ). □ Theorem 2: Let the function f k be defined by (4), then f k has no non-zero linear structures.
Proof: According to Parseval's relation (1), we have #S( f k ) = 2 2dk − 2 . Let a ∈ F 2 2dk − 1 be a linear structure of f k , it follows from the (3) that
then we have a is a linear structure of f k if and only if for every u ∈ S( f k ), the value u ⋅ a is constant (0 or 1). From the reference [1] , we know that (0, …, 0) ∈ S( f k ). Hence, we have a is a linear structure of f k if and only if for every u ∈ S( f k ), u ⋅ a = 0. According to Theorem 1, Ω ⊂ S( f k ). It is obvious that Ω is a basis of F 2 2dk − 1 . Hence, if for every u ∈ S( f k ), u ⋅ a = 0, then for every u ∈ Ω, u ⋅ a = 0 and we have a = (0, …, 0).
Thus, f k has no non-zero linear structures. □ Remark 1: From the proof, we can see that the right reason why f k has no non-zero linear structures is that there exist 2dk − 1 linearly independent vectors in S( f k ).
Improvement of highly non-linear plateaued functions in the reference [1]
It is known that for a plateaued function f ∈ B n of amplitude 2 n − r/2 , deg( f ) ≤ r/2 + 1 [12] . The algebraic degree of the plateaued functions constructed in [1] is d but not dk. When k ≥ 2, the algebraic degree is not the best. Here is an improvement.
Theorem3:
Then h k is a plateaued function of amplitude 2 dk and has no nonzero linear structures. In addition, deg(h k ) = dk, W h k (0, …, 0) = 2 dk ,
According to Lemma 1, q dk − 1 (x) and q dk − 1 (x) ⊕ x 1 ⋯x dk − 1 are bent functions in 2dk − 2 variables, then we have W h k (a) ∈ {0, ± 2 dk }, that is, h k is a plateaued function of amplitude
For a = (0, …, 0), we have (see (6)) .
Let H k = h k ⊕ ⊕ i = 1 dk − 1 x i + dk , similarly to (6), we have (see equation below). Hence, H k is balanced. Finally, we have the set Ω ⊂ S(h k ) (the proof follows the same lines of reasoning as the proof of Theorem 1) and then similarly to Theorem 2, h k has no non-zero linear structures. □ Remark 2: Compared with [1] , Theorem 3 can construct plateaued functions of amplitude 2 (n + 1)/2 in n (odd) variables with the best algebraic degree. At the same time, other cryptographic properties can be remained.
Conclusion
Plateaued functions with good cryptographic properties have been widely used in cryptography and other fields. This paper corrects the proof in [1] and provides a new class of plateaued functions with the best algebraic degree. 
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